We construct effective 3d field theories for the Minimal Supersymmetric Standard Model, relevant for the thermodynamics of the cosmological electroweak phase transition. The effective theories include a 3d theory for the bosonic sector of the original 4d theory; a 3d two Higgs doublet model; and a 3d SU(2)+Higgs model. The integrations are made at 1-loop level. In integrals related to vacuum renormalization we take into account only quarks and squarks of the third generation. Using existing nonperturbative lattice results for the 3d SU(2)+Higgs model, we then derive infrared safe upper bounds for the lightest Higgs boson mass required for successful baryogenesis at the electroweak scale. The Higgs mass bounds turn out to be close to those previously found with the effective potential, allowing baryogenesis if the right-handed stop mass parameter m 2 U is small. Finally we discuss the effective theory relevant for m 2 U very small, the most favourable case for baryogenesis.
Introduction
The generation of the baryon number of the present Universe remains to be satisfactorily explained. It is quite plausible, though, that an important role in the process was played by the cosmological electroweak phase transition [1] . Within the Standard Model the phase transition appears nevertheless to be too weakly of first order to produce the baryon asymmetry for realistic Higgs masses (for a review, see [2] ). Additional problems may be related to the amount of CP-violation available. Hence one is led to extensions of the Standard Model.
One possible consistent extension of the Standard Model is the Minimal Supersymmetric Standard Model (MSSM). It has a large parameter space available so that it should be possible to find some corner with a strong enough first order transition. In addition, there are additional sources of CP-violation. Indeed, the electroweak phase transition in MSSM has been studied quite actively [3] [4] [5] [6] [7] 2 . The investigations made so far (apart from [37, 38] ) have been based on the 1-and 2-loop effective potentials for the Higgs field. The limit that the CP-odd Higgs mass m A is infinite was taken in [3, 4, 6, 7] , leaving just one Higgs doublet and being the most favourable case for baryogenesis [5] . The result of these investigations was that in general, it appears difficult to make a strong enough transition unless the righthanded soft supersymmetry breaking stop mass parameter m 2 U is small. Recently it has been noted that even smaller values of m 2 U than originally considered should be phenomenologically possible [6] , leading to a transition that is definitely strong enough for baryogenesis. In addition, 2-loop effects have been found to be favourable [7] .
All the studies based on the effective potential are subject to the infrared (IR) problem at finite temperature [8] . The IR problem is related to the zero Matsubara components of bosonic fields, and precisely these components account for the cubic 1-loop terms in the effective potential studied in [3] [4] [5] [6] , as well as for the logarithmic 2-loop terms making the effect in [7] . The IR-problem calls for non-perturbative investigations of the problem. The method of choice for non-perturbative investigations is the framework of dimensional reduction [9] [10] [11] [12] [13] [14] [15] [16] . Dimensional reduction means that one constructs an effective 3d theory producing the same Green's functions as the original theory for the light bosonic fields. The perturbative dimensional reduction step is free of IR-problems, and the resulting super-renormalizable 3d theory can then be studied with high precision Monte Carlo simulations [17] [18] [19] [20] [21] .
The non-perturbative investigations of the electroweak phase transition in the Standard Model have revealed the following pattern [18] . As long as the transition is strong enough for baryogenesis, the IR-problems are not very dramatic and effective potential studies do produce a reasonable estimate of the properties of the phase transition. 2 Upon completion of this work, three more papers on the same subject appeared [36] [37] [38] . In [36] the 1-loop effective potential is studied. In [37, 38] the authors study the dimensional reduction of MSSM as in the present work. In [37] the analysis is a bit less complete than here and the conclusions are somewhat different. In [38] the formulas for dimensional reduction and heavy scale integrations are in some parts more, in some parts less complete than here, but vacuum renormalization and the implications of the formulas to the electroweak phase transition are not discussed.
When the transition gets weaker, non-perturbative effects become large. However, even if non-perturbative effects are small for stronger transitions, it is nevertheless interesting to note that prior to the lattice study in [18] many perturbative studies stated that baryogenesis was possible up to m H ∼ 45 GeV. In [18] it was discovered that practically no Higgs mass is possible. While this effect is mostly related to vacuum renormalization instead of non-perturbative IR-effects, it nevertheless proves that it is important to work in a consistent framework where all the approximations are under control.
The purpose of the present paper is to make a dimensional reduction for the MSSM. We also perform further integrations inside the dimensionally reduced 3d theory, to arrive at the simplest possible effective theory. In particular, we construct a 3d two Higgs doublet model and a 3d SU (2) +Higgs model in the part of the parameter space where it is possible. For the latter theory, the existing non-perturbative lattice results allow to remove the IR problem from the Higgs mass bound. The bound derived is in principle also gauge andμ-independent, unlike the ratio v(T c )/T c derived from the effective potential.
On the technical side, one purpose of the present investigation is to study how the cubic scalar vertices, not present in the Standard Model, affect dimensional reduction.
In comparison with [4] [5] [6] [7] , we also try to be more explicit about the effects of vacuum renormalization. The theory studied is more or less the same. We include here the bottom Yukawa coupling h b and study a general CP-odd Higgs mass m A as in [5] .
We find that in the region of the parameter space where reduction into the 3d SU(2)+Higgs model is possible and the transition is strong enough for baryogenesis, the non-perturbative results agree with the effective potential investigations. The conclusion is that Higgs masses in the region m h < ∼ 75 GeV produce a strong enough transition if m U is small enough, m U < ∼ 50−100 GeV. Hence, the situation has improved with respect to the Standard Model where no Higgs mass is possible. Where reduction into SU (2) +Higgs cannot be made -notably in the region where m U is still smaller and the transition is even stronger [6, 7] -we propose an effective 3d theory allowing more detailed studies of the problem.
The plan of the paper is the following. In Sec. 2 we briefly review the Higgs mass bound in the Standard Model and its derivation within the 3d framework. In Sec. 3 we state in some detail the approximations adopted and the Lagrangian used in the present investigation. Sec. 4 contains the dimensional reduction into a 3d bosonic effective theory. In Sec. 5 we make further integrations inside the 3d theory, removing the squarks and the temporal components of the gauge fields. The resulting two Higgs doublet model is diagonalized in Sec. 6, and the heavy Higgs doublet in integrated out in Sec. 7. In Sec. 8 we discuss how the running Lagrangian parameters are fixed through vacuum renormalization. The numerical results for the strength of the transition are in Sec. 9. Finally, in Sec. 10 we propose an effective theory for describing the phase transition if the mass parameter m U is very small. Sec. 11 is the conclusions.
The EW phase transition in the Standard Model
The thermodynamics of the electroweak phase transition in the full Standard Model has been extensively studied in the literature ( [2] and references therein). Perturbative studies exist up to 2-loop level [22, 23, 14, 24] . Non-perturbative lattice studies rely on perturbative 2-loop dimensional reduction [12] [13] [14] [15] , and have been performed for a wide range of Higgs masses [17] [18] [19] [20] [21] . The Higgs mass bound in terms of the parameters of the 3d SU(2)+Higgs model was derived in [18] .
The Higgs mass bound arises as follows. Assume that there in some underlying physical 4d theory in which the electroweak phase transition takes place so that the static Green's functions of the lightest excitations are described by the effective theory
where
Then the phase transition is strong enough for baryogenesis if at the phase transition point [18] x ≡ λ 3 g
Since the theory in eq. (2.1) is super-renormalizable, the parameters λ 3 , g 2 3 do not run and the quantity x is a well-defined pure number. It is also gauge-independent. The uncertainty in (2.2) arises from uncertainties in estimates of the sphaleron rate in the broken phase and from uncertainties in the real-time dynamics of the phase transition (whether the Universe reheats back to T c after the nucleation period, etc.).
For the Standard Model, the parameters m 2 3 , λ 3 and g 2 3 have been calculated in terms of temperature and the physical zero-temperature parameters of the theory in [15] . Then one may solve for the critical temperature from the condition 3) and use this T c in the estimate of
Eq. (2.3) does not give T c exactly (it corresponds to resummed 1-loop accuracy), but this does not matter since λ 3 /g 2 3 depends on T c only through logarithmic 1-loop corrections. From an analysis of the type outlined, one gets that no Higgs mass (or at most an extremely light Higgs mass, m h < ∼ 20 GeV) would satisfy the bound (2.2) in the Standard Model since x > 0.04 due to the top Yukawa coupling corrections, see Fig. 27 in [18] .
In this paper we study whether a theory of the type in eq. (2.1) can be constructed in the MSSM and what would be the Higgs mass bound implied.
The Lagrangian
We start by discussing the Lagrangian used and the simplifications made, fixing at the same time the notation. We work throughout in Euclidian space and for definiteness in the Landau gauge. The value of x derived is gauge-independent.
The main simplifications are the following (for the complete Lagrangian in MSSM, see [25] ). First, we neglect the U(1) subgroup in loop corrections related to vacuum renormalization and dimensional reduction. That is, no difference is made between g 2 and g 2 + g ′2 beyond tree-level in IR-safe integrals. This is a good approximation as far as the electroweak phase transition is concerned, especially with respect to the other uncertainties in the calculation. Even at tree-level, we display explicitly only the covariant derivatives related to SU(2) and SU(3).
Second, we will assume that the gaugino and higgsino mass parameters in the symmetric phase are so large that these fields have decoupled, as is usually assumed in the present context [4] [5] [6] [7] . Even if the masses are smaller, these fields do not have very much significance, being fermions: at finite temperature, the important effects arise from IR-sensitive bosons. In the framework of the present paper, the extra fermions would only affect the parameters of the 3d theory in the first dimensional reduction step, but the later integrations remain precisely the same. It should also be noted that gauginos and higgsinos do not couple to the scalar Higgs degrees of freedom through the dominant Yukawa coupling h t , unlike the top quark. In general, it is expected that the effect of gauginos and higgsinos would be to make the phase transition weaker, due to the increased screening in the thermal masses [4, 5, 7] . However, gauginos and higgsinos do have an effect when 1-loop corrections to the top Yukawa coupling h t are calculated. Since h t gives the most important effects in the present calculation, the loop corrections may also be important. We return to this point in more detail below.
Third, only the squark partners of top and bottom quarks are assumed to be light enough to affect the electroweak phase transition.
Then the remaining fields are as follows: there are the SU(2) and SU(3) gauge fields A 
The 2-index antisymmetric tensor is defined through ǫ 12 = −1, so thatH
j . We use the notation
for the complex and real components of the Higgs fields, so that at zero temperature
3)
The fermions of the third generation are
The interaction Lagrangian following from the D-terms, on the other hand, is
Here we kept the U(1) coupling g ′ only in the Higgs sector. In eq. (3.9),
The soft supersymmetry breaking cubic interactions are
Here we use the notation of [25] , with opposite signs. The relation to the more standard A-parameters is discussed in Sec. 8 in connection with vacuum renormalization. In particular, it should be noted that the parameter e s includes the term µh b arising from the superpotential and the parameter w s includes −µh t . Since there is also an arbitrary soft component in these terms [25] and since we assume the higgsinos to be so heavy that they have decoupled, the theory does in fact not depend at all on the true supersymmetric mass parameter µ. In the following, we shall restrict the parameters u s , d s , e s , w s to be real.
Although quite a few simplifications have been made, there are still a lot more parameters left than in the Standard Model. The two scalar sector parameters ν 2 , λ appearing there are replaced by m
There is the following important point to be noticed about the coupling constants g, g S , h t , h b in the present theory. As an example, take the gauge coupling. If one takes the theory under investigation as such, then the gauge coupling in the gauge sector runs asμ 12) where n F = 3 is the number of families and N s = 5 is the number of scalar doublets interacting with the SU(2) gauge fields. However, the couplings g 
Hence within the present theory one would have to the renormalize these couplings separately from the coupling in the gauge sector. In other words, one has to consider a large number of zero-temperature observables in terms of which to fix the independent parameters. If on the other hand one wants to maintain the universality of the gauge coupling, then one has to include the complete supersymmetric structure of the theory in the calculation in one way or the other. In the present theory, supersymmetry is maintained only in the quark-squark sector of the third generation, and indeed, if only these fields are included in the internal lines of loop integrals, then g 2 runs everywhere asμ
We shall work within the accuracy of this approximation here and assume the gauge coupling to be universal. The same thing applies also to the Yukawa couplings h t , h b and is quite important there as well, since h t is large and gives the dominant effects. Indeed, within the present theory, the Yukawa couplings in the different squark-Higgs and quark-Higgs interactions run differently. To get a universal Yukawa coupling, higgsinos and gauginos should be included. However, we will be satisfied with the present approximation in this paper for two reasons. First, the Yukawa coupling h t is determined by the top mass which is not known very precisely at the moment. Second and even more important, the most significant effects of h t appear in conjunction with the soft squark mass parameters m . Since these are unknown, there is a large uncertainty in the calculation in any case. Once the squark masses have been measured and the top mass is known more precisely, the gauge coupling h t (μ) should be fixed at 1-loop level in terms of the top pole mass.
We will work in the MS scheme (with the scale parameterμ) and take Tr 1 = 4. For the squark and quark loops included in vacuum renormalization the results agree with those in the DR-scheme, often used in supersymmetric theories.
Dimensional reduction
Let us first recall the expansion parameters of dimensional reduction [15] . Since all the calculations are IR-safe, no non-analytic powers of masses can appear. In fact, the expansion proceeds just in powers of
as at zero temperature. We include only the quarks and squarks of the third generation in the loops affecting vacuum renormalization, whereas the corrections e.g. from gauge bosons, suppressed by g 2 /(16π 2 ), are neglected. In addition to expanding in coupling constants, we make a high-temperature expansion in the mass parameters. This requires that the soft supersymmetry breaking mass parameters satisfy m
The limit (4.2) implies that m A < ∼ 2πT c , so that the results of this paper cannot be directly continued to the limit m A → ∞ studied in [4, 6, 7] . Actually, the limitation on m A is not as important as that on the squark mass parameters, since the latter are associated with larger coupling constants.
To keep track of the validity of the high-temperature expansion, we will at some points display also the leading correction terms. The critical temperature is T c ∼ 100 GeV so that we shall assume m Q , m U , m D , m A < ∼ 300 GeV. We also assume that the masses generated at the electroweak phase transition as well as the masses associated with possible colour and charge breaking minima are small compared with 2πT c .
If some of the soft masses are large, one cannot use the high-temperature expansion. Instead, one should evaluate the corresponding integrals numerically. If m ≫ 2πT c , one can also integrate out these degrees of freedom in the sense of the vacuum decoupling theorem [26] .
The actual dimensional reduction proceeds by writing down the general form of the effective 3d theory and then determining the 3d coupling constants by matching the Green's functions in the original theory and in the 3d theory. The degrees of freedom of the effective theory are the bosonic degrees of freedom of the original theory. The temporal components of gauge fields become Higgs fields in the adjoint representation. The structure of the 3d theory is determined by gauge invariance. The 1-loop calculations needed are a straightforward application of the rules in [15] . We just write down the graphs and the results below.
Since the complete bosonic sector of the MSSM is rather large, we display only the part interacting with the SU(2) and Higgs degrees of freedom explicitly. We recall that after trivial rescaling with T , the dimension of bosonic fields in 3d is GeV 1/2 and that of the couplings g
is GeV. At some points, we denote new parameters with the same symbols as the old ones, to avoid increasingly cumbersome notation. Higher-order operators suppressed by the temperature are neglected. Finally, let us recall some basic notation:
The 3d effective theory consists of the following parts: 1. The temporal components of the original gauge fields become scalar fields in the adjoint representation, and the spatial components remain gauge fields. Relevant for the present discussion is the part
When only quarks and squarks are included, the 3d fields are related to the renormalized 4d fields by
where mass corrections suppressed by m 2 Q /(2πT c ) 2 were neglected. The gauge coupling can be most easily obtained from the graphs (), (SS), (SSS1), (SSS2), (SSSS) in Fig. 1 .c. Here also a redefinition of the Higgs fields, given in (4.12)-(4.13), is needed. After the redefinition one gets
The generic types of graphs needed for dimensional reduction of (a) wave functions and masses, (b) scalar couplings and (c) the gauge coupling. Wiggly lines are vector propagators and dashed lines represent generic propagators of particle type P=D, Q, U, S, H, A, C, g, q, f. Here D, Q, U denote the corresponding squarks, S is a squark in general, H is a Higgs doublet, A and C are the SU(2) and SU (3) gauge fields, g is a ghost, q a third generation quark and f a general fermion. For the coupling constants, 1-loop dimensional reduction is directly related to 1-loop vacuum renormalization and hence only squarks and quarks are considered in the internal lines. For the masses, the thermal screening terms proportional to T 2 are not related to vacuum renormalization and hence we include all the modes with m < ∼ 2πT in the loops. [5, 7] , but for completeness we write them here as well. These terms contain only screening parts not related to vacuum renormalization, so that we include the complete spectrum of the model in the loops. With the notation in Fig. 1 .a, the graphs contributing to m A 0 are (ff), (gg), (AA), (HH), (QQ), (A), (H), (Q); to m C 0 contribute (ff), (gg), (CC), (SS), (C), (S). For illustration, the leading mass terms are also shown:
In eqs. (4.9), (4.10) n F = 3 is the number of fermion families and N s is the number of scalar doublets interacting with the gauge fields in question.
The quadratic terms of the Higgs sector are
i /2 and g 3 is the 3d gauge coupling. The graphs contributing to the 2-point Higgs correlators are (qq), (AH), (SS), (A), (H), (S) in Fig. 1 .a. According to the general strategy of including only quark and squark loops in terms related to vacuum renormalization, we neglect terms multiplied by g 2 everywhere except in the screening parts proportional to T 2 . The new fields are then related to the renormalized 4d fields in the MS scheme by
The mass parameters, on the other hand, are
where we have shown terms up to quadratic order in the masses. From the hightemperature expansion, one would also get terms of the form h 2 t m 4 in addition to the u 2 s m 2 -terms shown above, multiplying the coefficient ζ(3)/(128π 4 T 2 ), but these terms have been neglected. In fact, the renormalization structure of the theory suggests the parametric convention m ∼ h t T , u s ∼ h 2 t T , according to which all the terms involving ζ(3)/(128π 4 ) would be of higher order. Nevertheless, we keep the terms shown since numerically the mixing parameters might be larger than some of the masses.
The Finally, the parameter ξ in eq. (4.11) is
(4.17)
If the g 2 -corrections from the Higgs fields were included, there would also be a term proportional to g 2 m 2 12 inside the parentheses in (4.17). 3. The quadratic terms needed in the squark sector are
The graphs contributing to the 2-point correlator Fig. 1 .a; for U * U and D * D the interactions with SU(2) gauge fields are missing. The fields in (4.18) are related to the original fields by
where the g 2 -terms have been neglected. The terms proportional to g 2 S represent the contributions within the present theory, and are due to gluon loops.
The mass parameters in eq. (4.18) are
The L b (μ)-terms cancel the running of the soft masses m
so that the 3d masses, like the Higgs sector masses, are RG-invariant at 1-loop level. It should be noted that the running may be noticeable; for instance, the parameter m 2 U which may be small has a running proportional to h 2 t m 2 Q , so that the relative effect may be significant. As in the case of Higgs mass parameters, one should hence renormalize the squark mass sector at the 1-loop level to remove theμ-dependence (1-loop corrections to the stop mass have been calculated in [27] ). However, since the squark masses at zero temperature are not known at the moment, we will not perform any renormalization in the present investigation. Instead, the parameters m 
existing already at the tree level, and terms generated radiatively,
The coefficients related to A a 0 are
28)
Note that in the Standard Model extra terms of the type g 2 h 2 t T /(16π 2 ) are generated in h 1 , h 2 through quark loops [15] , but in MSSM these terms are cancelled by the squark loops. If the g 2 -corrections from Higgs fields were included, there would be a term proportional to g 2 m 2 12 in eq. (4.29). As to the coefficients c 1 , c 2 , the quark loops () give the contributions
as in the Standard Model, but these are cancelled by the squark loops (SS), (SSS1) in Fig. 1 .c, as for h 1 , h 2 . Hence there only remain the small terms
31)
32)
5. For the quartic self-interactions of the Higgs fields, the most general gaugeinvariant two Higgs doublet potential [28] is generated at the dimensional reduction step. Since we assumed all the parameters to be real in the original Lagrangian, the potential is somewhat simplified, being of the form
To give the expressions for λ 1 , . . . , λ 7 , we use the functions
where the sum-integral is over the non-zero bosonic Matsubara frequencies in the MSscheme. In the numerical computations we keep only the constant part in the function f 3 , to be consistent with the fact that terms of the same parametric form come from the redefinition of fields and the higher mass contributions were there neglected. The part subtracted in the definition of
The graphs needed are (), (SS), (SSS), (SSSS) in Fig. 1 .b. In addition, the redefinitions of fields according to eqs. (4.12)-(4.13) give contributions. After the redefinition, the parameters are (ĝ 4 We recall that the identity (
The terms in the curly brackets will be useful in Sec. 5 as well, which is why they have been separated. 6. Cubic interactions of Higgs fields and squarks are of the same form as in the original theory:
Since the terms u s , d s , w s , e s are unknown, it is not so important at the moment to calculate the 1-loop corrections to the tree-level formulas. Just as an illustration of the structure that appears, let us give the 1-loop terms proportional to h t , h b within the present theory:
7. Quartic interactions of Higgs fields and squarks are at tree-level of the form
In principle it would be important to calculate the 1-loop corrections especially to h t3 since it affects the transition quite significantly. However, as stated above, this is not accessible within the present framework, since vacuum renormalization of the top quark mass cannot be used to simultaneously fix the h t 's appearing in different places in the Lagrangian beyond tree-level. Moreover, the top mass is not known very accurately, and the effect of h t3 comes together with m U 3 which is not known at all. Hence we take the couplings here only at tree-level. Then the couplings are as written in eq. (4.51) with h
8. Finally, there are many terms not interacting directly with the SU(2) gauge fields and Higgs fields. We will not show them explicitly, since they enter the further integrations only at 2-loop level. Nevertheless, in some cases the higher-order corrections are important; a particularly relevant example [7] is discussed in Sec. 10. We just fix one more notation here: the strong coupling constant in 3d is denoted by g 
in which case the neglected 2-loop terms are expected to give a correction of about 20% (1-loop corrections may sometimes be almost as large as tree-level terms). In the present Section we shall assume that m U > ∼ 50 GeV so that the expansion in (5.3) should still be useful (for the other squarks, we assume m Q ∼ m D ∼ 300 GeV). The case of smaller m U is discussed in Sec. 10.
In the case that all the squarks and the A a 0 -and C A 0 -fields can be integrated out, the new theory will be
Although the notation for the parameters is the same as before, the parameters have changed from the previous theory. The graphs needed for calculating the parameters have a simple relation to the graphs needed in the dimensional reduction step. The quark contributions do not exist any more. The squark graphs remain precisely the same. In addition, there are the extra graphs with A a 0 , C A 0 in the internal lines, of the same type as for squarks but without cubic interactions with the Higgs fields.
From the graphs (SS), (A 0 A 0 ) in Fig. 1 .a, one gets that the new fields are related to the previous ones by
The parameter ξ is changed to be
The new gauge coupling can be derived from the graphs (A 0 A 0 ), (A 0 A 0 A 0 1), (SS), (SSS1), (SSS2), (SSSS) in Fig. 1 .c and is 
For the scalar coupling constants, one can to a large extent use the results in eqs. 
The integration measure here is dp
There is no divergence in f 2 (m a , m b ) in 3d, so that it was not necessary to subtract anything in the definition in contrary to the 4d case.
With the notation introduced, the new parameters are
Here we have displayed the terms arising from field redefinitions on the LHS of the formulas. The factors Z H1 , Z H2 are given in eqs. (5.9), (5.10).
Diagonalization of the two Higgs doublet model
The theory in eq. (5.5) can still be simplified. The phase transition should take place close to the point where the mass matrix has a zero eigenvalue. Then generically the other mass is heavy. Recall that at tree-level the sum of the eigenvalues of the mass matrix is m A , and at finite temperature one gets positive thermal corrections to the masses. Hence one may integrate out the heavier Higgs doublet as well. In order to do so, we first diagonalize the two Higgs doublet model.
We make the diagonalization in two steps. In the first part we rotate and rescale the fields so that the term
disappears from the Lagrangian in eq. (5.5). In the second part we rotate the resulting fields so that the non-diagonal mass term
disappears. Then the resulting theory will be
It should be noted that for small values of the squark mixing parameters, ξ in (6.1) is very small so that the first part of the diagonalization is numerically inessential. The first diagonalization proceeds by writing 
14)
In the second part of the diagonalization, we write
The angle α is chosen so that tan2α = 2m Abbreviating cos 2 α = c 2 , sin 2 α = s 2 , cos2α = c2, sin2α = s2, the matrix M giving the couplings as λ (new) = Mλ from those in (6.9)-(6.15), is 
Integrating out the heavy Higgs doublet
In eq. (6.18) the angle α has been chosen such that the field φ is light at the phase transition point, as can be seen from (6.19) . Then the heavy field θ can be integrated out. The expansion parameter is g 2 3 4πm θ , (7.1)
which is very small in the cases we are studying (recall that m θ > ∼ m A , T ). It should be noted that g 2 3 arises for the first time at 2-loop level, whereas at 1-loop level only the scalar self-couplings appear.
When θ is removed, the resulting theory is just the 3d SU(2)+Higgs theory:
For this theory there are non-perturbative lattice results available, so that one need not go any further with perturbative methods. Since the interactions in the starting point, eq. (6.3), involve vertices of the type φθ 3 and θφ 3 , there are non-standard graphs needed in the construction of the effective theory. Numerically these graphs may not be very important since the relevant coupling constants λ 6 , λ 7 are not large and are suppressed by the large mass m θ in the results. Nevertheless, conceptually the way to include λ 6 , λ 7 has to be addressed. It should be noted that while in eqs. (4.44)-(4.45) λ 6 , λ 7 are much smaller than λ 1 , . . . , λ 4 for small mixing parameters, in general this is no longer true in the theory of eq. (6.3) due to the redefinitions of fields in Sec. 6.
Let us start with the wave function normalizations. The wave function φ does not get normalized in the integration, since at 1-loop level there are no momentum-dependent contributions to the 2-point correlator φφ from the heavy modes θ. Due to the graph (θθ) in Fig. 1 .a, the wave function A a i becomes
The gauge coupling is changed to
For the scalar mass parameter, the diagram in Fig. 2 .a gives
The scalar coupling constant receives contributions from the diagrams in Fig. 2 .b to become λ φ = λ 1 − 1 8πm θ λ The coupling λ 2 would enter only at 2-loop level. Let us discuss the result for the coupling constant in some more detail.
The contributions involving λ 3 , λ 4 , λ 5 come from graphs of the type (θθ) in Fig. 2 .b, and are standard.
The contribution proportional to λ 2 6 comes from the graph (θφ), involving a light field in the internal line. In principle, one might think that λ 6 contributes at order λ 2 6 only to the 6-point function depicted in Fig. 2 .c. Such a contribution, however, has a momentum-dependence:
To construct a local effective theory, one wants to expand in the momenta. Naively one might think that it is justified to expand eq. In reality, the dominant contribution of (θφ) is of order λ 2 6 /m θ . Only when this larger contribution is explicitly included in the reduction step by the graph (θφ), can one expand in the momenta in eq. (7.7). Then, in fact, the 6-point operator φ 6 can be neglected in the effective theory, since it only leads to contributions suppressed by m φ /m θ ≪ 1.
The phenomenon explained is of course the same which appears in the dimensional reduction step at 2-loop level [13, 15] when one is comparing a naive integration over non-zero Matsubara frequencies with a matching procedure for the construction of an effective theory. The former method, containing exclusively heavy modes in the internal lines, leads to a non-local theory. The latter method leads to a local effective theory, but light fields have to be included in the internal lines of some graphs. In the present case, the difference appears already at 1-loop level. In principle, a systematic way to account for these effects is to split the light fields into low-momentum modes φ |p|<Λ and high-momentum modes φ |p|>Λ ; then only the heavy fields and the high-momentum modes of the light fields need be included in the internal lines.
The contribution (θ) in Fig. 2 .b is even more exotic than (θφ). It cannot even be generated from an effective potential for the φ-field alone as the other contributions, since the graph is reducible. This contribution arises because the vertex involving λ 7 induces a mixing between φ and θ at 1-loop level, as shown in Fig. 2 .d. This mixing does not vanish in the limit that m θ is large, but grows as λ 7 m θ . Nevertheless, it is still possible to construct order by order an effective theory of the type in (7.2), containing the light fields only and giving the same light Green's functions as the original theory.
In the configuration (θ) in Fig. 2 .b, the induced mixing contributes to the 4-point function of the φ-fields at the same order of magnitude as (θθ), (θφ). To reproduce this contribution in the theory of eq. (7.2), the graph (θ) has to be included in the reduction step. Working at 1-loop order, one may expand the momentum dependence of this graph, but going to 2-loop order, the graph obtained from (θ) by contracting the rightmost light field with one of the other light fields has to be included in the calculation of the mass parameter m 2 φ to order λ 2 . Finally, let us recall from Sec. 2 that the parameter relevant for baryogenesis in the theory of eq. (7.2) is the dimensionless ratio x = λ φ /g 2 3 at the phase transition point. The temperature dependence of λ φ /T, g 2 3 /T is weak: at the dimensional reduction step the dependence comes only through logarithmic 1-loop corrections. In the heavy scale integrations a larger dependence is induced since e.g. h which gives sufficient accuracy for the present purpose. In particular, note that imposing eq. (7.9) in the 3d effective theory generally involves the next-to-leading corrections [29] to T c in terms of the original coupling constants, arising from the heavy 3d modes. The numerical results obtained for x are discussed in Sec. 9.
Vacuum renormalization
To complete the program of dimensional reduction, one has to fix the running parameters appearing in Sec. 4 in terms of zero temperature pole masses and cross sections. We reiterate first the general strategy adopted in the present paper. 22)-(4.24) . Since the squark masses are not known at present, we do not fix the running parameters in terms of pole masses here. However, once the squark masses have been measured, the renormalization must be properly performed, since especially the possibly small stop mass parameter m 2 U has a significant effect on the phase transition. In the present work we use tree-level values for m
For the present type of investigations, the running gauge coupling is most conveniently fixed in terms of the muon lifetime [15] . In the complete MSSM, the result could be extracted from a calculation of the type in [30] . However, as stated before, within the present theory the gauge coupling appearing is not universal beyond tree-level if other than squark and quark loops are included in vacuum renormalization. Hence there is no use in going into elaborate investigations; we will rather fix g 2 (μ = 200GeV) = 2/3 and include only the running due to quarks and squarks.
4. The U(1) gauge coupling is taken at tree-level, and is fixed to be g ′ = 1/3. At 1-loop level no difference is made between g 2 andg 2 = g 2 + g ′2 . Since vacuum renormalization is related to the neutral sector of the theory, we will use the numerical value ofg 2 in the loops calculated with the SU(2) interactions. 5. The Yukawa couplings h t (μ), h b (μ) can in principle be fixed in terms of the top and bottom pole masses. However, within the approximations of the present paper, there is no universal h t (μ) at 1-loop level. Hence we fix also h t , h b at tree-level. For fixed tanβ = v 2 /v 1 andμ, we take
6. The mixing parameters are also running parameters. However, they are not very important for the phase transition, at least if small, and they are not known. We fix them too at the tree-level through
It general, w s and e s are arbitrary soft supersymmetry breaking parameters and hence µ may be interpreted as something different from the supersymmetric mass parameter in the superpotential. With the conventions in (8.2)-(8.5), the squark mass matrices in the broken phase,
and analogously for M 2 D , are given by
We next concentrate on fixing m 
, and the transverse part Π Z (k 2 ,μ) of the Z-boson selfenergy Z µ (k)Z ν (−k) , evaluated at the corresponding poles, gives the physicalμ-independent masses:
From these equations one can solve for m
Using the inverse expressions
where A few comments are in order. First, in solving eqs. (8.13) it is technically convenient to keep tanβ fixed rather than the Higgs mass. The parameter tanβ is not a physical quantity, though, and depends on the gauge, on the scheme and onμ. When tanβ is fixed, m h is not an input parameter any more but comes out as a result from (8.13) for given tanβ andμ.
Second, we choose to use the physical pole masses as the mass parameters in the self-energies Π(k 2 ,μ). This reduces the higher loopμ-dependence of the result. In this procedure, one also needs the unknown pole mass of the heavier CP-even Higgs mass m H (in the tadpole diagrams). The corresponding self-energy can be trivially obtained from Π h (k 2 ,μ), see Appendix A. Then one has to add the additional unknown m H and the additional equation is easily solved by iteration. Third, for the present purpose it is sufficient to work strictly at 1-loop level. Numerically, it is important in some regions of the parameter space to include higher-order corrections, arising for instance from the mixing induced at 1-loop level between the tree-level mass eigenstates h and H [31] .
The 1-loop self-energies have been calculated in the literature [31, 27] in detail, but for completeness we also display the formulas used here in Appendix A. Using the treelevel expressions in terms of m (8.14) agree to leading order with the ones in (4.14)-(4.16). It should be noted, however, that numerically the remaining higher orderμ-dependence may be as important as the leading order one. Fortunately, theμ-dependence of the coupling constants determining the Higgs mass bound is smaller than that of the mass parameters, see below.
Numerical results
Combining the results for vacuum renormalization with the formulas for dimensional reduction and heavy scale integrations one can study the values of x in the phenomenologically allowed part of the MSSM parameter space. The phenomenological constraints on the squark sector, relevant for the present analysis, have been discussed in [4, 5, 6] . First, there exist lower bounds on the masses of the weakly interacting squarks. This gives a lower bound on m Q , the stronger constraint arising from sbottom. More im-portant, the relative mass splitting (m
of the left-handed squarks is constrained by the parameter ∆ρ(t,b) not to be too large. Since m Q . We will take m Q = 300 GeV which should satisfy the phenomenological constraints for our reference value m t = 175 GeV within the accuracy of the present calculation. At the same time the chosen value of m Q still lies within the applicability of the high-temperature expansion.
For the right-handed stop mass parameter m 2 U there appear to be no phenomenological lower bounds apart from the absence of charge and colour breaking [6] . On the other hand, one cannot take too small values within the applicability of the integrations in Sec. 5, since then the expansion parameters in eq. (5.3) grow large. We take m U = 100 GeV as a reference value. The mixing parameters are taken to be zero at the reference point,Ã t =Ã b = µ = 0 (we stress again that µ in (8.2)- (8.3) is not really the supersymmetric mass parameter affecting the chargino and neutralino masses, and hence a small value for it is acceptable).
We fix the renormalization scale used in vacuum renormalization and dimensional reduction to beμ = 200 GeV. The dependence of physical quantities (such as x) on µ is formally of higher order than the accuracy of the present calculation. In practice there is some dependence which may be used to estimate the accuracy of the results, see below. This dependence arises for instance since h t3 depends onμ, having been fixed at tree-level.
We will next vary the CP-odd Higgs mass m A between 50 and 300 GeV and inspect the values obtained for x, for different values of the lightest CP-even pole Higgs mass m h . In particular, the dependence on m t , m U and the mixing parametersÃ t , µ around the reference point is of interest.
In Fig. 3 the value of x is shown as a function of m A for the reference set of parameters with three values of tanβ (thin lines) and three values of the lightest Higgs mass m h (thick lines). We recall from eq. (2.2) that the requirement for a strong enough phase transition to sufficiently suppress the sphaleron rate in the broken phase is x < 0.03 − 0.04. First, we notice that the best region for baryogenesis is a heavy CP-odd Higgs particle, as is already known [5] . Second, for the reference parameters, even the region x < 0.03 can be reached with a sufficiently small Higgs mass. This should be contrasted with the situation in the Standard Model where it appears that no Higgs mass is possible [18] . Hence the situation has definitely improved in the MSSM. However, the Higgs mass needed in the MSSM would be rather small, m h < ∼ 70 GeV. This is about to be excluded experimentally.
In Fig. 4 the effect of the top mass is shown, for fixed tanβ (thin lines) and fixed m h = 70 GeV (thick lines). In contrast to the Standard Model (see Fig. 27 in [18] ) a large top mass makes the situation more favourable for baryogenesis. The reason for the difference is that in the MSSM the top Yukawa coupling also appears in the dimensionally reduced 3d effective theory through squark interactions. The corrections However, since the corrections are large, they are also sensitive to the precise value of h t3 . A way to estimate the reliability of the results is theirμ-dependence, which exists since h t3 is fixed only at tree-level. By varyingμ from 200 Gev to 300 GeV for fixed m h , the change in x is less than 3% for m t ≤ 175 GeV. For m t = 190 GeV the change is about 10%. Hence the calculation becomes less reliable for large top mass.
It should be noted that we have kept m Q fixed when varying m t . In fact, if m t is larger, then also m Q is likely to be larger, in order to keep the mass difference of lefthanded stops and sbottoms small as required by phenomenological constraints [4, 5] . This effect would compensate for the increase in the strength of the transition with m t [7] . In principle, m t also directly affects the running of m 2 Q (μ), m 2 U (μ) toμ =μ T , but these effects have been neglected here.
In Fig. 5 the effect of varying the squark mass m U is shown, again separately for fixed tanβ and for a fixed Higgs mass. A smaller m U makes the situation more favourable, as was already noted in [4, 5, 6] . In [6] even negative values for m 2 U were considered. Here we cannot go to that region since then the squarks are not heavy any more and the effective theory is different, see Sec. 10. Nevertheless, one can see how the effect starts to arise. It is seen that for m U = 50 GeV even a Higgs mass in the region m h ∼ 75 GeV seems possible. Finally, in Fig. 6 the effect of the mixing parameters is presented. Comparing with Fig. 3 , one can see that µ has very little effect (x is just slightly reduced at m A ∼ 300 GeV). Indeed, for large m A the mixing is determined exclusively by the combinatioñ A t appearing in the squark mass matrix. The effect ofÃ t is that a large value makes x larger. Phenomenologically, this is somewhat unfortunate [6] since one might wish to have a non-zero mixing in order to get smaller squark masses, which might help with the R b -problem. The sbottom mixing parameterÃ b has practically no effect at all. The overall conclusion is that for m h < ∼ m W and small mixing, the transition might be strong enough for m U < ∼ 50 GeV and m A > ∼ 200 GeV 5 . If the mixing is larger, one would need an even smaller m U . These results agree to large extent with [4] [5] [6] [7] . In any case, the situation has certainly improved with respect to the Standard Model 6 .
5 In [37] it was proposed that another favourable region is at small m A , independent of tanβ. From Fig. 3 it can be seen that x is indeed almost independent of tanβ for m A ∼ 50 GeV (this feature persists also for values of tanβ larger than shown in Fig. 3 ). However, x is still much too large and m h much too small, as can be seen from the m h = 60 GeV curve. Hence the effect proposed in [37] does not take place at least close to our reference point. 6 It should also be noted than in the Standard Model there is a critical Higgs mass above which the phase transition ceases to be of first order [32] . In the MSSM, on the contrary, there exists an upper bound on m h , and in some cases (e.g. in the vicinity of our reference point) all possible Higgs masses result in a first order transition. 10 The effective 3d theory in the case of light righthanded stops
It has been stressed in [6, 7] that small values of m 2 U are phenomenologically allowed and are favourable for electroweak baryogenesis. On the other hand, it was pointed out in Sec. 5 that, if m 2 U is small, one cannot integrate out the right-handed squarks and the relevant effective 3d theory is not the simple SU(2)+Higgs theory discussed in the previous Sections. In this Section we discuss in more detail at which point the 3d integration is no longer reliable and what the relevant 3d theory is in that case. We also indicate some non-perturbative effects which might arise beyond the perturbative ones discussed in [6, 7] .
In [6] , the case m U 3 ∼ 0 was investigated. From eq. (5.3) it is clear that then the integration does not work at all. To get a quantitative estimate of the m U 3 still allowed, one should compare 1-loop and 2-loop contributions to different parameters of the effective theory: h t3 -corrections first arise at 1-loop level and g S3 -corrections at 2-loop level, so that a comparison of tree-level and 1-loop results does not reveal much. The dominant 2-loop contributions were identified in [7] .
The dominant 2-loop effect [7] is due to graphs of the type
in the notation of [7, 22] . Here essentially m [7] the coupling constant appearing in this formula is h These terms are related to the running of h 2 t (μ) in the 1-loop thermal correction and hence their inclusion requires 1-loop renormalization of the top quark mass. In any case, these terms only affect the critical temperature and thus are not very important.
The (finite) 3d-part of the 2-loop contribution, on the other hand, is [15] − 2g
Now, if m U 3 is large enough, this term can be expanded in powers of h For clarity, we have here kept the coupling constants in their 4d normalizations so that powers of T are written explicitly. The change in eq. (10.4) is negative, reducing the coupling constant λ 2 and consequently making baryogenesis more likely. Hence, as long as the expansion converges, this 2-loop correction works in a favourable direction also in the framework of the effective SU(2)+Higgs theory discussed in Secs. 5-7. However, when the effect becomes stronger, the convergence becomes worse and the higher order operators generated become important. The right-handed stops can no longer be integrated out but act as light degrees of freedom. The expansion parameter of U-field integration can be estimated by comparing the 2-loop term in eq. Consequently, to get convergence one needs m U 3 > ∼ T . What would be the effective theory if m U 3 < ∼ T and the integration does not converge? Let us assume that m A → ∞, the squark mixing parameters are small and m Q is relatively large as required by phenomenological constraints for a realistic top mass. Then all the other squark degrees of freedom apart from U can be integrated out in the dimensionally reduced 3d theory. What remains can be written down immediately using 3d gauge invariance: In a precise study, it would be important to consistently include all the 1-loop corrections to the Yukawa couplings h t appearing in different places. Second, integrate out the heavy fields Q, D, A 0 , C 0 as in Sec. 5. Finally, make vacuum renormalization in order to fix the MS-parameters in terms of physical parameters. In particular, one should renormalize m 2 U (μ) and h t (μ) in addition to the Higgs sector parameters by calculating the stop and top masses at 1-loop level. All these steps are straightforward and parallel the ones presented in Secs. 4-8. Let us stress that perturbatively the theory in eq. (10.7) reproduces the 1-and 2-loop results making the dominant effects in [6, 7] . In fact, the 3d theory also contains a resummation of IR-safe higher-loop contributions, so that it is expected to be more precise than direct perturbative calculations in 4d. More important, eq. (10.7) contains all the IR-problems of the theory and could be used for 3d Monte Carlo simulations. No such simulations are available at the moment for the complete theory. However, one can try to use the knowledge obtained from simulations of the SU(2)+Higgs sector to get some insight into the properties of the complete theory. We make two guesses.
1. In the simulations of the 3d SU(2)+Higgs theory it was found that in the symmetric phase the relevant degrees of freedom are non-perturbative bound states [18, 19, 21, 33] . The mass of e.g. the scalar bound state may differ much from the perturbative value, let alone from the tree-level value. Ifm U is positive at T c so that the SU(3)-part of eq. (10.7) is in its symmetric phase, one might expect the same phenomenon to take place here, only the effects would be stronger than in the SU(2)-sector. This is important since the results of [6, 7] strongly depend onm U and assume a tree-level value for it. In particular, the non-perturbative mass might be significantly larger than the perturbative and tree-level masses, in which case the light degrees of freedom of the theory at the phase transition point might again be described by the 3d SU(2)+Higgs model. This time, however, the derivation of the effective theory would have to be non-perturbative.
2. The symmetric structure of eq. (10.7) opens other interesting possibilities. At the phase transition,m H is close to zero, and ifm U is also rather close to zero as proposed in [6] , one might end up in a situation where also the charged and coloured field U acquires a non-vanishing expectation value at some point during the transition. This kind of a multi-stage transition might naturally very much alter the mechanism of baryogenesis. Requiring the absence of colour and charge breaking during the transition, some constraints on the parameters were given in [6, 34] .
A precise investigation of the possibilities proposed will have to wait for a detailed perturbative derivation and a lattice investigation of the theory in eq. (10.7), as well as for experimental data on the values of the unknown parameters.
Conclusions
We have constructed super-renormalizable 3d effective field theories describing the thermodynamics of the electroweak phase transition in MSSM. The derivation of these theories is perturbative and free of IR problems. The effective theories can then be used for further perturbative investigations if IR problems are believed under control, or better still, for non-perturbative Monte Carlo studies.
We found that in a part of the parameter space, it is possible to reduce the effective theory to a 3d SU(2)+Higgs theory for which there already exist lattice results. However, it generically appears that when the reduction can be done that far, the transition tends to get rather weak for realistic Higgs masses. Pushing the parameters into the region of a stronger transition (a smaller right-handed stop mass parameter m 2 U ), the convergence of the 3d heavy scale integrations gets worse.
It hence seems that for a strongly first-order transition, the relevant effective 3d theory may be more complicated than SU(2)+Higgs. A particularly appealing possibility is a model containing an SU(2) scalar doublet and an SU(3) scalar triplet. If m 2 U indeed turns out to be small, this effective theory should probably be studied in more detail. As far as the derivation of the theory is concerned, the most important pieces missing at the moment are the expressions for the parameters h t (μ T ) and m 2 U (μ ′ T ) in terms of zero-temperature physical parameters beyond tree-level. The calculations required are straightforward and parallel the calculations presented in the present paper. 
